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An analytic method is proposed for  solving nonsta t ionaryheat  conduction with t ranspor t  coeffi-  
cients dependent on the coordinates .  The tempera tu re  distributions in soils have been ex- 
amined for harmonic  and exponential laws of variat ion for  the air  t empera ture  in greenhouses.  

A major  factor  determining the growth and development of plants in a greenhouse is the provision of the 
best thermal  conditions in the root layer  of the soil. The thermal  conditions in the soils of solar  greenhouses 
are produced mainly by solar  radiation and the warmth of the air  within the greenhouse [1]. It is ve ry  compli-  
cated to find the tempera ture  distribution in the soil, where various t ranspor t  factors  are  involved (convection, 
conduction, and radiation) [2]. 

The use of an equivalent thermal  conductivity [2] is an effective means of formulat ing a model for heat 
t r ans fe r  in the soil that enables one to avoid some of the difficulties in solving the t ranspor t  equations. The 
approach enables one to pe r fo rm  a theoret ical  study of the t empera tu re  distribution in a soil by the solution 
of a single heat-conduction equation with variable thermophysica l  coefficients dependent on the coordinates 
and t ime. 

The resea rches  of [2] have yielded some empir ical  relat ionships for the thermophysica l  charac te r i s t i cs  
of soils. Therefore ,  the theoret ical  aspect of the problem is that one has to obtain the corresponding so lu t ions  
to the equivalent equation of thermal  conduction for  these relationships and thus provide a method for  calculating 
the tempera ture  distribution in pa r t i cu la r  soils.  

Here we present  a simple and reliable analytic method of handling problems in nonstat ionary thermal  con- 
duction with variable and constant t ranspor t  coefficients,  which was fair ly fully developed in [3]. The use of 
this method in the analytical theory  of soils enables one to solve new problems in a simple fashion. 

Measurements  show that the maximum penetrat ion depth of the t empera tu re  per turbat ion in a soil in r e -  
sponse to diurnal variat ions in air  t empera tu re  in a greenhouse may be taken as l = 0.5 m. Let the air  t empera -  
ture follow the law ~(t), while the heat t r ans fe r  between the air  and the surface of the soil follows Newton's 
law: 

( ~ OT / = a[T(x, t) - -  q) (t)]~= o. (1) 

Here a is the effective hea t - t r ans fe r  coefficient, which includes the fract ion of the heat flux obtained by 
the soil f rom solar  radiation. Then the t empera tu re  distribution T(x, t) within the soil (0-<x-< l) is found by 
solving 

.OT 0 [~(x, rn2) OT] T(x, O)= To, (2) 
c (x, m3 Ot Ox --ffffx ' 

( ) ( ' )  or  = ~ [7" (x, 0 - -  qD (0]~=o, X z - -  = O. (3) 
~0 ~ x=0 Ox x=l 

The effective variable thermal  conductivity and specific heat are  often approximated in the following form [2]: 

~, (x, rn2) = ~,o [1 q- [z  (x, m2)], c (x, rni) = c o [1 + / ~  (x, mi)] ,  
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where  the functions fX and fe sat isfy the conditions 

lim [~. (x, m=) = 0, lira fr (x, m,) = 0, lira [,. (x, m2) = const, 
X ~ 0  X ~ 0  " m l ~ 0  

lira fr (x, m 3 = const. 
r n l ~ 0  

We introduce the re la t ive  coordinate ~ =xfl 
then the p rob lem of (2) and (35 reduces to 

and the dimensionless  t ime Fo =a0t//~, where  a 0 =X(0, m2)/c(0 , m0;  

U + L ( ~ ,  1~31 O F ~ -  ~ ( ] + f i . G  13~)) , T G  0)=To,  (4) 

OT" 
O T - - B i T ( ~ '  F~ =--Biq)(F~ ( ~ - ) ~ = l  = 0 ,  (55 

w h e r e  Bi =otl/X 0; fil =mlfl  ; fi2 =m2//; the p a r a m e t e r s  fil and fiz are  the cor rec t ing  p a r a m e t e r s  for  the nonuni- 
for tui ty  in the thermophysica l  coeff icients .  As fii and fi2 become smal ler ,  the changes in the the rmal  conductiv- 
Ity and specif ic  heat with the coordinate x become weaker ,  and for  fit =fi2 = 0 the p rob lem of (45 and (5) becomes 
that of the rma l  conduction with constant t ranspor t  coeff icients .  

We denote by ~'(~, s5 the integral  Laplace t r a n s f o r m  of the t empera tu re  distribution, i .e. ,  

-T(~, s )= ,~T(~, Fo)exp(--sFo)dFo. 
0 

Then wtth the convers ion formula  OT/OFo ~ sT(~, s) - -  T(~, 0) the prob lem of (45 and (5) af ter  Laplace t r a n s f o r m a -  
tion amounts to solving the beundary-value prob lem 

q- [~ (~, ~3~)) ~ - - ] - -  [sT (~, s) - -  To](1 + f~ (~, [30) = 0, (65 

{ ~ - - B i T ( ~ ,  s)}~= ~ =- -Bi~(s ) ,  (-~-)~= = 0 .  (75 

One obtains a ve r y  complicated functional dependence for  the exact solution of this boundary-value prob lem 
even for  simple pa r t i cu l a r  cases ,  and it is not always possible  to find a way of convert ing the t r a n s f o r m  ~'(~, s) 
to the original  T(},  Fo). There fore ,  an approximate method of solving (6) and (7) has been developed such as 
to provide  a solution to the initial p rob lem as a s imple analytic formula,  which is of considerable  p rac t i ca l  
impor tance .  Developments in this a rea  include orthogonal project ion (Galerkin 's  method5 for  (6) and (7), whose 
essence  is as follows. An approximate solution is found as an element  in functional space whose bases  ~l(~ 5, 
~3(~ ) . . . . .  ~n(} ) sat isfy the homogeneous boundary conditions of (7), i .e. ,  

/ d% __Biq~at = 0 ,  / 0% / = 0 ,  k =  1 , 2  . . . .  ,n ,  
t 

in a l inear -composl t ion  family  of the form 

r-]~ (~, s) = ~(s) + ~ a~ (s) ,~ (~). (85 
k = l  

We taken the following as basis coordinate functions: 

B i + 2  

for  which (8) sat isf ies  the boundary conditions of (7) exact ly .  

The t r a n s f o r m  coefficients ak(S) are  projec t ions  of the vec tor  Tn( ~ , s) - ~(s) on the coordinate  axes of 
the functional space_and are  found f rom the condition of orthogonali ty fo r  the d iscrepancies  in (6) as found by 
substituting (8) for  T(~ , s) for  all the basis functions Cj(~ ): 

1 

(1 + &(~, ~2)) - ~ - j  - -  [s7~ (~, s ) -  r01 (1 + / o  (~, ~,5) c d ~  = 0, 
0 

] = I ,  2, . . . ,  n. 
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Afte r  in tegra t ion  with r e s p e c t  to the va r i ab l e  

whe re  

fo r  p a r t i c u l a r  f o r m s  of f x  and fc, the s y s t e m  b e c o m e s  

{~  (A,~ -k B, h s) a-k (s) = [T o --s~ (s)] D,}, ] = l, 2 . . . . .  n, (9) 
h = l  

1 

A,, = A,e = -- J d~ ~ ~L[r + f,) ~]_ ,,,~)d~> O; 
0 

1 1 

Bj, = B,i = S (1 q- f.) ,jlp,d~; Dj = ,i" (1 + fo) *ida, 
0 0 

W e  d e t e r m i n e  the coef f ic ien t s  ak(s) f r o m  (9) f r o m  C r a m e r ' s  fo rmula :  

ah (s) = Ah (s)iT~ - -  s~-(s)] 
A (s) 

(lO) 

w h e r e  (8) gives  the bes t  approx imat ion  to the solut ion to (6) and (7), and we t r a n s f e r  to the reg ion  of the o r ig ina l s  
to find the solut ion to the in i t ia l  p r o b l e m  as 

' ~  (Fo) ,k(0 ,  (11) T~ (~, Fo) = r (Fo) + ~ ak 

whe re  A(s )=  [ A +Bs[  is  the  bas ic  de te rminan t  of (9); Ak(S) is the de t e rminan t  obta ined by rep lac ing  co lumn k 
by the coef f i c ien t s  D1, D 2 . . . . .  D n in the de t e rminan t  A(s) .  The  roo t s  of A(s) =0 a r e  always s imple  and negat ive .  
We" denote  t h e m  by sl,  s2, ..., s n in o r d e r  of i n c r e a s i n g  magni tude .  Then  the t h e o r y  for  t r a n s f o r m i n g  a f r a c -  
t iona l ly  r a t iona l  funct ion with s imple  po les  and the convolut ion t h e o r e m  [4] give us tha t  

n FO 

(Vo) = I exp (Fo-- (12) 
h=,  A' (si) 

w h e r e  q~* (Fo) is the  or ig ina l  of T O - s(~(s). This  is a gene ra l  s c h e m e  fo r  comp lex  use  of in tegra l  t r a n s f o r m a t i o n  
and the  p r o j e c t i o n  method  in heat  t r a n s f e r .  

To c o m p a r e  the approx ima te  solut ions  with known exact  ones,  we f i r s t  c o n s i d e r  a p r o b l e m  with constant  
specif ic  heat  and t h e r m a l  conduct iv i ty .  For/31 =/32 = 0 the coef f ic ien t s  in the  t r u n c a t e d  f i r s t - o r d e r  s y s t e m  

a re  found in the  f o r m  

(A,, + Bi,s ) a, (s) = [To - -  s~ (s)] D, 

I l 

A,i = -  (' dz*t ~id~ 2 Bi 

0 0 

- -  - -  (I - -  ~)2 ] d~ -- 4 (Bi3Bi + 3) 

1 

B~i = .I ~d~  = 4 (2Bi ~ +15Bi 210Bi + 15) 

0 

, D i - -  
2 (Bi + 3) 

3Bi 

(13) 

whence  

a, (s) = A (Bi)[To - -  s ~ (s)l 
2 is + A (Bi)l 

(14) 

whe re  

W e p u t  ~(Fo) = Tc> To (~(s) = -~- ) 
t e m p e r a t u r e  is  found f r o m  

5Bi (Bi -}- 3) 
A(Bi) = 2Bi ~ + 10Bi+15" 

and then  the t e m p e r a t u r e  d i s t r ibu t ion  wi thin  the soi l  fo r  a constant  a i r  

(15) 

T (~,. Fo) : Tc+ (T~ - -  To)2 A (Bi) exp [--A (Bi). Fo] [ BiBi+2 (1-- ~)2]. (16) 
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Fig.  1. 
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Fig.  i Fig. 2 

Variat ion in the re la t lve  excess  t e m p e r a t u r e  at the sur face  
(~ = 0) and within the soil  (~ = 0.25) fo r  harmonic  va r ia t ion  in the a i r  
t e m p e r a t u r e :  1) B i = l ;  2) 4; 3) 10. 

Fig.  2. Var ia t ion in t e m p e r a t u r e  in the soil  for  an exponential  r i s e  
in a i r  t e m p e r a t u r e  in the greenhouse:  1) ~ =0; 2) 0.25; 3) 0.5. 

The re la t ive  excess  t e m p e r a t u r e  provided  by the solution of (16) is wr i t ten  as 

0(~, Fo )=  T(~,TcFO) - -  V ~  To = 1  A(Bi)2 [ Bi+2Bi (1 - -  ~)~] exp [ - A  (Bi) F~ (17) 

Numer i ca l  analysis  shows that the approx imate  solution of (17) is v i r tua l ly  the s ame  as the exact  one for  the 
range 0 < Bi -< 1; the deviation f r o m  the exact  solution i n c r e a s e s  monotonical ly  with Bi and at tains its m a x i m u m  
value for  Bi =~ (boundary conditions of the f i r s t  kind). Examinat ion  of this l imit ing case ,  where  the t e m p e r a -  
ture  at the su r face  x = 0  is constant at Tc, gives good ag reemen t  with the exact  solution for  Fo > 0.05. 

F igure  1 shows var ia t ion  in A(Bi), which governs  the ra te  of exponential  s tabi l izat ion of the t e m p e r a t u r e  
pa t te rn ,  and provides  compar i son  with the square  of the f i r s t  root p~ of the cha r ac t e r i s t i c  equation ctg/~ =p/Bl ;  
as Bl v a r i e s  f rom 0 to 1, the value of A(Bi) exceeds  ~ ,  and the e r r o r  i n c r e a s e s  monotonical ly  f r o m  zero to 
0.08% at the point B i = l .  Fo r  Bi=10,  Bi =r the cor responding  e r r o r s  in A(Bi) a r e  I and 1.3%. The re fo re ,  the 
t e m p e r a t u r e  s tabi l izat ion in the approx imate  solutions gives good ag reemen t  with the s tabi l iza t ion in the exact  
solution. 

Calculation of the t e m p e r a t u r e  fo r  the s tepwise  change in t e m p e r a t u r e  in the boundary conditions at the 
initial  instant, as in the solution of (17), p roduces  the l a rge s t  e r r o r s ;  if the re  is continuous va r i a t ion  in ~(t) 
with the initial  dis t r ibut ion T0(lim ~(t)= To) , then the e r r o r  in calculat ing the t e m p e r a t u r e  becomes  l ess .  

t ~ 0  

We now de te rmine  the t e m p e r a t u r e  dis t r ibut ion in the soil  for  ha rmonic  var ia t ion  in the a i r  t e m p e r a t u r e  
in the greenhouse:  

2~vl 2 
tp (t) : T O + AT sin 2~vt : To + AT sin co Fo, co : Pd -- 

a 

We substi tute the value 
~(s)  = To + A T ~  

S S 2 - ~  (O 2 

into (14) to get 

a i ( s ) =  A(Bi) AThos _ A(Bi) AT [s__BA Ds+E] 
2 (s + A)(s~ + o~2) - -  2 + s~ + co2 " 
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A f t e r  we  have d e t e r m i n e d  B, D, and E by m e a n s  of  undefined coef f ic ien t s  we  get  

a,(s) A(Bi)coAT { A(Bi) 1 [ A(Bi)s 
2 [A z (Bi) -f- ~o2](s -4- A) AS A- ~oz s ~ A- (o s 

whence 

1 a~ (Fo)= A (Bi) coAT / A (Bi) exp [--A (Bi) Fo] A ~ -k o~ 
2 [A s § J 

- -  [A cos o Fo + co sin co Fo]}. 

We put  

A ~o 
sin %, -- cos q%, 

and then  the  r e l a t i ve  e x c e s s  t e m p e r a t u r e  is found f r o m  

~ B ~ {  sin 2% o(~, Fo, B i ) =  T(~, F o ) - - T  O = s i n c o F o +  - •  
A T  " 2 

• exp (--A (Bi) Fo)) - -  cos % sin (c0 Fo + %) Bi -1- 2 ( 1 - -~ )  ~ . (18) 
_ Bi 

F i g u r e  1 shows the  v a r i a t i o n  in 0 fo r  131 =1, 4, 10 at the po in t s  ~ =0, 0.25; If the va lues  of  the t h e r m a l  cltffuslv- 
t ty,  Bi, and t h i c k n e s s  l a r e  known f o r  a p a r t i c u l a r  soft  one can ca lcu la te  the  t e m p e r a t u r e  f r o m  (18) in t e r m s  
of the  d imens iona l  c o o r d i n a t e s  x and t i m e  t .  

The  ava i l ab i l i t y  of  (14) enab l e s  one to f ind the  so lu t ion  f o r  any  o the r  laws  of v a r i a t i o n  In the  a i r  t e m p e r a -  
t u r e .  

We now c o n s i d e r  the  p r o b l e m  of (2) and (3) wi th  c(x, m I) =c0(1 +mix) ,  X(x, m2} =X0(1 +m2x), the  va lues  
be ing  t aken  f r o m  [2]. 

In ou r  s y m b o l s  we  have  

1 -~ f~ (~, 130 = 1 q- [ ~ ,  1 -k fr  (~, [3~) = 1 -k [~.~. 

The coef f i c i en t s  f o r  the  f i r s t - o r d e r  s y s t e m  of (9) a r e  

and the  so lu t ion  Is  

A l l  - -  
4(Bi + 3) + ~2Bi , B~ 8(2BiS + 10Bi+15)+[~( l lBiZ '+50Bi+60) ,  

3Bi 30Bi 2 

D~ : 8(Bi + 5) + [Sl(5Bi-I- 12) , 
12Bi 

ai (s)= [To - -  s~(s)] D(Bi, [3,) (19) 
s + A (Bi,  [~,, ~s) ' 

w h e r e  

A(Bi, ~i, [32) = 10Bi [4(Bi -k- 3) -+- ~Bi] -, (20) 
8 (2Bi s + 10Bi + 15) -}- [~t ( llBi2 q- 50Bi + riO) 

. 5Bi [8 (Bi + 3) -4- [~i (5Bi -4- 12)] 
D(Bi, [~0 218(2BiZ + 10Bi+ 15)-k [~i(llBiZ + 5 0 B i +  60)] (21) 

I f  the a i r  t e m p e r a t u r e  in the  g r e e n h o u s e  r i s e s  exponen t i a l ly  in the f o r m  ~o(Fo) = T  O +(T c -- T 0) [1 -- exp(--PdFo)],  

we  subs t i tu te  the va lue  ~(s) To Pd (To - -  To) = . + into (19) to get 
s S (S + Pd) 

a-i (s)= D (Bi, [3,)(T~- To) Pd [ 1 1 ] .  
A (Bi, [5~, [5~) - -  Pd s -]- A (Bi, [~,, [~z) s H- Pd 

T r a n s f e r  to the o r i g i n a l s  g ives  

0(~, Fo, Bi, ~ ,  ~ ) =  T ( ~ , F o ) - - T o  
Tc - -  To 

= 1 - -  exp ( - -Pd Fo) + 
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+ A (--~, ~,D(Bi' I~,) Pd~)~_pd/exp" [--A (Bi, [3i, [52)Vo]- exp (--Pd F~ [ Bi+2Bi (1--5)2] " (22) 

Figure  2 shows the var ia t ion in 0 fo r  Bi =4, P d =2 ,  and a constant specific heat,/31 =0,/3~ =0.5, 1 at the 
points ~ = 0, 0.25, 0.5. 

With boundary conditions of the f i r s t  kind (Bi =~) we get f rom the solution to (22) for  the case/31 = 0, 
f12 r 0 that 

5Pd 
0 (5, Fo, [32) = 1 - -  exp (--PdFo) ~ 4 [2.5 q- 0.625132-- Pdl {exp [--(2,5 -+- 0,62513~) Fo] - -  exp (--PdFo)}(2~ - -  ~z). (23) 

If t h e r e i s  a decaying amplitude for  the harmonic  oscil lat ion of the air  t empera tu re  ~(Fo) =T O +AT exp ( -PdFo)  �9 
sin co Fo, then the relat ive excess  t empera tu re  in the soil  is given by 

0 (~, Fo, Bi, [31, [32) = T (~, Fo) - -  To = exp (--Pd Fo) sin co Fo + 
AT 

+ ~2 + (pdD _ A) z {Ao~exp(--AFo)--exp(--PdFo)[Ao~cosmFo + (Pd ( P d - - A ) +  coz)sin (o FoI} [ BiBi+2 (1 __~)2] (24) 

In the solutions to (22)-(24), the coefficient for  the rate  of exponential stabilization of the t em p e ra tu r e  pa t tern  
defined by (20) inc reases  with fi2, the cor rec t ing  p a r a m e t e r  for  the nonuniformity in the the rma l  conductivity, 
and it is inverse ly  propor t ional  to ~l, which is in accordance  with the physics  of the rmal  conduction. In con- 
clusion we note that these studies show that it ts possible  to solve the heat-conduction prob lem with any other  
empir ica l  formulas  for  the var iable  specific heat and the rmal  conductivity, which are  dependent on the coordi -  
nates,  and these consti tute models for  hea t - t r ans f e r  p r o c e s s e s  in the soil.  

NOTATION 

Fo = at/l 2, dimensionless time (Fourier number); s, integral Laplace transform parameter; Pd = 2~rul2/a, 
Predvoditelev number; ~ = x/l, dimensionless coordinate; Bi, Boit number. 
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